
Rules for integrands of the form (a + b Sec[e + f x])m (d Sec[e + f x])n A + B Sec[e + f x] + C Sec[e + f x]2

0:  a + b Sece + f x
m
c + d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when A b2 - a b B + a2 C⩵ 0

◼
Derivation: Algebraic simplification

Basis: If  A b2 - a b B + a2 C ⩵ 0, then A + B z + C z2 ⩵ (a+b z) (b B-a C+b C z)
b2

◼
Rule: If  A b2 - a b B + a2 C ⩵ 0, then

 a + b Sece + f x
m
c + d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

1

b2
 a + b Sece + f x

m+1
c + d Sece + f x

n
b B - a C + b C Sece + f x ⅆx

◼
Program code:

Inta_.+b_.*csce_.+f_.*x_^m_.*c_.+d_.*csce_.+f_.*x_^n_.*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

1/b^2*Inta+b*Csce+f*x^(m+1)*c+d*Csce+f*x^n*b*B-a*C+b*C*Csce+f*x,x /;

FreeQa,b,c,d,e,f,A,B,C,m,n,x && EqQ[A*b^2-a*b*B+a^2*C,0]

Inta_.+b_.*csce_.+f_.*x_^m_.*c_.+d_.*csce_.+f_.*x_^n_.*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C/b^2*Inta+b*Csce+f*x^(m+1)*c+d*Csce+f*x^n*a-b*Csce+f*x,x /;

FreeQa,b,c,d,e,f,A,C,m,n,x && EqQ[A*b^2+a^2*C,0]



1.  a + b Sece + f x d Sece + f x
n
A + B Sece + f x + C Sece + f x

2
 ⅆx

1:  a + b Sece + f x d Sece + f x
n
A + B Sece + f x + C Sece + f x

2
 ⅆx when n < -1

Derivation: Algebraic expansion, nondegenerate secant recurrence 1c with 
c → 1, d → 0, A → c, B → d, C → 0, n → 0, p → 0 and algebraic simplification

Basis: A + B z + C z2 ⩵ A + (d z) (B+C z)
d

◼
Rule: If  n < -1, then

 a + b Sece + f x d Sece + f x
n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

A  a + b Sece + f x d Sece + f x
n
ⅆx +

1

d
 a + b Sece + f x d Sece + f x

n+1
B + C Sece + f x ⅆx ⟶

-
A a Tane + f x d Sece + f x

n

f n
+

1

d n
 d Sece + f x

n+1
n (B a + A b) + (n (a C + B b) + A a (n + 1)) Sece + f x + b C n Sece + f x

2
 ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_*d_.*csce_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

A*a*Cote+f*x*d*Csce+f*x^nf*n +

1/(d*n)*Intd*Csce+f*x^(n+1)*Simpn*(B*a+A*b)+(n*(a*C+B*b)+A*a*(n+1))*Csce+f*x+b*C*n*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,B,C,x && LtQ[n,-1]

Inta_+b_.*csce_.+f_.*x_*d_.*csce_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

A*a*Cote+f*x*d*Csce+f*x^nf*n +

1/(d*n)*Intd*Csce+f*x^(n+1)*SimpA*b*n+a*(C*n+A*(n+1))*Csce+f*x+b*C*n*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,C,x && LtQ[n,-1]

2:  a + b Sece + f x d Sece + f x
n
A + B Sece + f x + C Sece + f x

2
 ⅆx when n ≮ -1

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 2



Derivation: Algebraic expansion, nondegenerate secant recurrence 1b with 
c → 0, d → 1, A → a c, B → b c + a d, C → b d, m → m + 1, n → 0, p → 0 and algebraic simplification

Basis: A + B z + C z2 ⩵ C (d z)2

d2
+ A + B z

◼
Rule: If  n ≮ -1, then

 a + b Sece + f x d Sece + f x
n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

C

d2
 a + b Sece + f x d Sece + f x

n+2
ⅆx +  a + b Sece + f x d Sece + f x

n
A + B Sece + f x ⅆx ⟶

b C Sece + f x Tane + f x d Sece + f x
n

f (n + 2)
+

1

n + 2
 d Sece + f x

n
A a (n + 2) + (B a (n + 2) + b (C (n + 1) + A (n + 2))) Sece + f x + (a C + B b) (n + 2) Sece + f x

2
 ⅆx

◼
Program code:

Intd_.*csce_.+f_.*x_^n_.*a_+b_.*csce_.+f_.*x_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

-b*C*Csce+f*x*Cote+f*x*d*Csce+f*x^nf*(n+2) +

1/(n+2)*Intd*Csce+f*x^n*SimpA*a*(n+2)+(B*a*(n+2)+b*(C*(n+1)+A*(n+2)))*Csce+f*x+(a*C+B*b)*(n+2)*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,B,C,n,x && Not[LtQ[n,-1]]

Intd_.*csce_.+f_.*x_^n_.*a_+b_.*csce_.+f_.*x_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-b*C*Csce+f*x*Cote+f*x*d*Csce+f*x^nf*(n+2) +

1/(n+2)*Intd*Csce+f*x^n*SimpA*a*(n+2)+b*(C*(n+1)+A*(n+2))*Csce+f*x+a*C*(n+2)*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,C,n,x && Not[LtQ[n,-1]]

2.  Sece + f x a + b Sece + f x
m
A + B Sece + f x + C Sece + f x

2
 ⅆx

1.  Sece + f x a + b Sece + f x
m
A + B Sece + f x + C Sece + f x

2
 ⅆx when m < -1

1:  Sece + f x a + b Sece + f x
m
A + B Sece + f x + C Sece + f x

2
 ⅆx when m < -1 ∧ a2 - b2 ⩵ 0

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 3



Derivation: Algebraic expansion, singly degenerate secant recurrence 2b with A → 1, B → 0, n → 1, p → 0 and 
algebraic simplification

Basis: If  a2 - b2 ⩵ 0, then A + B z + C z2 ⩵
a A-b B+a C

a
+

(a+b z) (b B-a C+b C z)

b2

Rule: If  m < -1 ∧ a2 - b2 ⩵ 0, then

 Sece + f x a + b Sece + f x
m
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

a A - b B + a C

a
 Sece + f x a + b Sece + f x

m
ⅆx +

1

b2
 Sece + f x a + b Sece + f x

m+1
b B - a C + b C Sece + f x ⅆx ⟶

(a A - b B + a C) Tane + f x Sece + f x a + b Sece + f x
m

a f (2 m + 1)
-

1

a b (2 m + 1)
 Sece + f x a + b Sece + f x

m+1
a B - b C - 2 A b (m + 1) - (b B (m + 2) - a (A (m + 2) - C (m - 1))) Sece + f x ⅆx

◼
Program code:

Intcsce_.+f_.*x_*a_+b_.*csce_.+f_.*x_^m_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

-(a*A-b*B+a*C)*Cote+f*x*Csce+f*x*a+b*Csce+f*x^ma*f*(2*m+1) -

1/(a*b*(2*m+1))*IntCsce+f*x*a+b*Csce+f*x^(m+1)*

Simpa*B-b*C-2*A*b*(m+1)-(b*B*(m+2)-a*(A*(m+2)-C*(m-1)))*Csce+f*x,x,x /;

FreeQa,b,e,f,A,B,C,x && LtQ[m,-1] && EqQ[a^2-b^2,0]

Intcsce_.+f_.*x_*a_+b_.*csce_.+f_.*x_^m_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-(A+C)*Cote+f*x*Csce+f*x*a+b*Csce+f*x^mf*(2*m+1) -

1/(a*b*(2*m+1))*IntCsce+f*x*a+b*Csce+f*x^(m+1)*

Simp-b*C-2*A*b*(m+1)+a*(A*(m+2)-C*(m-1))*Csce+f*x,x,x /;

FreeQa,b,e,f,A,C,x && LtQ[m,-1] && EqQ[a^2-b^2,0]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 4



2:  Sece + f x a + b Sece + f x
m
A + B Sece + f x + C Sece + f x

2
 ⅆx when m < -1 ∧ a2 - b2 ≠ 0

Derivation: Secant recurrence 2a with n → 1
◼

Rule: If  m < -1 ∧ a2 - b2 ≠ 0, then

 Sece + f x a + b Sece + f x
m
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

A b2 - a b B + a2 C Tane + f x a + b Sece + f x
m+1

b f (m + 1) a2 - b2
+

1

b (m + 1) a2 - b2
 Sece + f x a + b Sece + f x

m+1
·

b (a A - b B + a C) (m + 1) - A b2 - a b B + a2 C + b (A b - a B + b C) (m + 1) Sece + f x ⅆx

◼
Program code:

Intcsce_.+f_.*x_*a_+b_.*csce_.+f_.*x_^m_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

-(A*b^2-a*b*B+a^2*C)*Cote+f*x*a+b*Csce+f*x^(m+1)b*f*(m+1)*(a^2-b^2) +

1/(b*(m+1)*(a^2-b^2))*IntCsce+f*x*a+b*Csce+f*x^(m+1)*

Simpb*(a*A-b*B+a*C)*(m+1)-(A*b^2-a*b*B+a^2*C+b*(A*b-a*B+b*C)*(m+1))*Csce+f*x,x,x /;

FreeQa,b,e,f,A,B,C,x && LtQ[m,-1] && NeQ[a^2-b^2,0]

Intcsce_.+f_.*x_*a_+b_.*csce_.+f_.*x_^m_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-(A*b^2+a^2*C)*Cote+f*x*a+b*Csce+f*x^(m+1)b*f*(m+1)*(a^2-b^2) +

1/(b*(m+1)*(a^2-b^2))*IntCsce+f*x*a+b*Csce+f*x^(m+1)*

Simpa*b*(A+C)*(m+1)-(A*b^2+a^2*C+b*(A*b+b*C)*(m+1))*Csce+f*x,x,x /;

FreeQa,b,e,f,A,C,x && LtQ[m,-1] && NeQ[a^2-b^2,0]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 5



2:  Sece + f x a + b Sece + f x
m
A + B Sece + f x + C Sece + f x

2
 ⅆx when m ≮ -1

Derivation: Secant recurrence 3a with n → 1
◼

Rule: If  m ≮ -1, then

 Sece + f x a + b Sece + f x
m
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

C Tane + f x a + b Sece + f x
m+1

b f (m + 2)
+

1

b (m + 2)
 Sece + f x a + b Sece + f x

m
b A (m + 2) + b C (m + 1) + (b B (m + 2) - a C) Sece + f x ⅆx

◼
Program code:

Intcsce_.+f_.*x_*a_+b_.*csce_.+f_.*x_^m_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C*Cote+f*x*a+b*Csce+f*x^(m+1)b*f*(m+2) +

1/(b*(m+2))*IntCsce+f*x*a+b*Csce+f*x^m*Simpb*A*(m+2)+b*C*(m+1)+(b*B*(m+2)-a*C)*Csce+f*x,x,x /;

FreeQa,b,e,f,A,B,C,m,x && Not[LtQ[m,-1]]

Intcsce_.+f_.*x_*a_+b_.*csce_.+f_.*x_^m_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C*Cote+f*x*a+b*Csce+f*x^(m+1)b*f*(m+2) +

1/(b*(m+2))*IntCsce+f*x*a+b*Csce+f*x^m*Simpb*A*(m+2)+b*C*(m+1)-a*C*Csce+f*x,x,x /;

FreeQa,b,e,f,A,C,m,x && Not[LtQ[m,-1]]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 6



3  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ⩵ 0

1:  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ⩵ 0 ∧ m < -

1

2

Derivation: Algebraic expansion, singly degenerate secant recurrence 2b with A → 1, B → 0, p → 0 and algebraic 
simplification

Basis: If  a2 - b2 ⩵ 0, then A + B z + C z2 ⩵
a A-b B+a C

a
+

(a+b z) (b B-a C+b C z)

b2

◼
Rule: If  a2 - b2 ⩵ 0 ∧ m < - 1

2
, then

 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

a A - b B + a C

a
 a + b Sece + f x

m
d Sece + f x

n
ⅆx +

1

b2
 a + b Sece + f x

m+1
d Sece + f x

n
b B - a C + b C Sece + f x ⅆx ⟶

(a A - b B + a C) Tane + f x a + b Sece + f x
m
d Sece + f x

n

a f (2 m + 1)
-

1

a b (2 m + 1)
 a + b Sece + f x

m+1
d Sece + f x

n
·

a B n - b C n - A b (2 m + n + 1) - (b B (m + n + 1) - a (A (m + n + 1) - C (m - n))) Sece + f x ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

-(a*A-b*B+a*C)*Cote+f*x*a+b*Csce+f*x^m*d*Csce+f*x^na*f*(2*m+1) -

1/(a*b*(2*m+1))*Inta+b*Csce+f*x^(m+1)*d*Csce+f*x^n*

Simpa*B*n-b*C*n-A*b*(2*m+n+1)-(b*B*(m+n+1)-a*(A*(m+n+1)-C*(m-n)))*Csce+f*x,x,x /;

FreeQa,b,d,e,f,A,B,C,n,x && EqQ[a^2-b^2,0] && LtQ[m,-1/2]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 7



Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-a*(A+C)*Cote+f*x*a+b*Csce+f*x^m*d*Csce+f*x^na*f*(2*m+1) +

1/(a*b*(2*m+1))*Inta+b*Csce+f*x^(m+1)*d*Csce+f*x^n*

Simpb*C*n+A*b*(2*m+n+1)-(a*(A*(m+n+1)-C*(m-n)))*Csce+f*x,x,x /;

FreeQa,b,d,e,f,A,C,n,x && EqQ[a^2-b^2,0] && LtQ[m,-1/2]

2.  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ⩵ 0 ∧ m ≮ -

1

2

1:  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ⩵ 0 ∧ m ≮ -

1

2
∧ n < -

1

2
∨ m + n + 1⩵ 0

Derivation: Algebraic expansion and singly degenerate secant recurrence 1c with A → 1, B → 0, p → 0

Basis: A + B z + C z2 ⩵ A + (d z) (B+C z)

d

◼
Rule: If  a2 - b2 ⩵ 0 ∧ m ≮ - 1

2
∧ n < - 1

2
∨ m + n + 1 ⩵ 0, then

 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

A  a + b Sece + f x
m
d Sece + f x

n
ⅆx +

1

d
 a + b Sece + f x

m
d Sece + f x

n+1
B + C Sece + f x ⅆx ⟶

-
A Tane + f x a + b Sece + f x

m
d Sece + f x

n

f n
-

1

b d n
 a + b Sece + f x

m
d Sece + f x

n+1
a A m - b B n - b (A (m + n + 1) + C n) Sece + f x ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

A*Cote+f*x*a+b*Csce+f*x^m*d*Csce+f*x^nf*n -

1/(b*d*n)*Inta+b*Csce+f*x^m*d*Csce+f*x^(n+1)*Simpa*A*m-b*B*n-b*(A*(m+n+1)+C*n)*Csce+f*x,x,x /;

FreeQa,b,d,e,f,A,B,C,m,x && EqQ[a^2-b^2,0] && Not[LtQ[m,-1/2]] && (LtQ[n,-1/2] || EqQ[m+n+1,0])

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 8



Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

A*Cote+f*x*a+b*Csce+f*x^m*d*Csce+f*x^nf*n -

1/(b*d*n)*Inta+b*Csce+f*x^m*d*Csce+f*x^(n+1)*Simpa*A*m-b*(A*(m+n+1)+C*n)*Csce+f*x,x,x /;

FreeQa,b,d,e,f,A,C,m,x && EqQ[a^2-b^2,0] && Not[LtQ[m,-1/2]] && (LtQ[n,-1/2] || EqQ[m+n+1,0])

2:  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ⩵ 0 ∧ m ≮ -

1

2
∧ n ≮ -

1

2
∧ m + n + 1 ≠ 0

Derivation: Nondegenerate secant recurrence 1b with p → 0 and a2 - b2 ⩵ 0

Derivation: Algebraic expansion and singly degenerate secant recurrence 2c with A → c, B → d, n → n + 1, p → 0

Basis: A + B z + C z2 ⩵
C (d z)2

d2
+ A + B z

◼
Rule: If  a2 - b2 ⩵ 0 ∧ m ≮ - 1

2
∧ m + n + 1 ≠ 0, then

 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

C

d2
 a + b Sece + f x

m
d Sece + f x

n+2
ⅆx +  a + b Sece + f x

m
d Sece + f x

n
A + B Sece + f x ⅆx ⟶

C Tane + f x a + b Sece + f x
m
d Sece + f x

n

f (m + n + 1)
+

1

b (m + n + 1)
 a + b Sece + f x

m
d Sece + f x

n
A b (m + n + 1) + b C n + (a C m + b B (m + n + 1)) Sece + f x ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C*Cote+f*x*a+b*Csce+f*x^m*d*Csce+f*x^nf*(m+n+1) +

1/(b*(m+n+1))*Inta+b*Csce+f*x^m*d*Csce+f*x^n*SimpA*b*(m+n+1)+b*C*n+(a*C*m+b*B*(m+n+1))*Csce+f*x,x,x /;

FreeQa,b,d,e,f,A,B,C,m,n,x && EqQ[a^2-b^2,0] && Not[LtQ[m,-1/2]] && Not[LtQ[n,-1/2]] && NeQ[m+n+1,0]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 9



Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C*Cote+f*x*a+b*Csce+f*x^m*d*Csce+f*x^nf*(m+n+1) +

1/(b*(m+n+1))*Inta+b*Csce+f*x^m*d*Csce+f*x^n*SimpA*b*(m+n+1)+b*C*n+a*C*m*Csce+f*x,x,x /;

FreeQa,b,d,e,f,A,C,m,n,x && EqQ[a^2-b^2,0] && Not[LtQ[m,-1/2]] && Not[LtQ[n,-1/2]] && NeQ[m+n+1,0]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 10



4.  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0

1.  Sece + f x
2
a + b Sece + f x

m
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0

1:  Sece + f x
2
a + b Sece + f x

m
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0 ∧ m < -1

Derivation: Algebraic expansion, nondegenerate secant recurrence 1c with 
c → 1, d → 0, A → c, B → d, C → 0, n → 0, p → 0 and algebraic simplification

Basis: A + B z + C z2 ⩵ A b2-a b B+a2 C
b2

+ (a+b z) (b B-a C+b C z)
b2

◼
Rule: If  a2 - b2 ≠ 0 ∧ m < -1, then

 Sece + f x
2
a + b Sece + f x

m
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

A b2 - a b B + a2 C

b2
 Sece + f x

2
a + b Sece + f x

m
ⅆx +

1

b2
 Sece + f x

2
a + b Sece + f x

m+1
b B - a C + b C Sece + f x ⅆx ⟶

-
a A b2 - a b B + a2 C Tane + f x a + b Sece + f x

m+1

b2 f (m + 1) a2 - b2
-

1

b2 (m + 1) a2 - b2
 Sece + f x a + b Sece + f x

m+1
·

b (m + 1) -a (b B - a C) + A b2 + b B a2 + b2 (m + 1) - a A b2 (m + 2) + C a2 + b2 (m + 1) Sece + f x - b C (m + 1) a2 - b2 Sece + f x
2
 ⅆx

◼
Program code:

Intcsce_.+f_.*x_^2*a_+b_.*csce_.+f_.*x_^m_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

a*(A*b^2-a*b*B+a^2*C)*Cote+f*x*a+b*Csce+f*x^(m+1)b^2*f*(m+1)*(a^2-b^2) -

1/(b^2*(m+1)*(a^2-b^2))*IntCsce+f*x*a+b*Csce+f*x^(m+1)*

Simpb*(m+1)*(-a*(b*B-a*C)+A*b^2)+

(b*B*(a^2+b^2*(m+1))-a*(A*b^2*(m+2)+C*(a^2+b^2*(m+1))))*Csce+f*x-

b*C*(m+1)*(a^2-b^2)*Csce+f*x^2,x,x /;

FreeQa,b,e,f,A,B,C,x && NeQ[a^2-b^2,0] && LtQ[m,-1]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 11



Intcsce_.+f_.*x_^2*a_+b_.*csce_.+f_.*x_^m_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

a*(A*b^2+a^2*C)*Cote+f*x*a+b*Csce+f*x^(m+1)b^2*f*(m+1)*(a^2-b^2) -

1/(b^2*(m+1)*(a^2-b^2))*IntCsce+f*x*a+b*Csce+f*x^(m+1)*

Simpb*(m+1)*(a^2*C+A*b^2)-a*(A*b^2*(m+2)+C*(a^2+b^2*(m+1)))*Csce+f*x-b*C*(m+1)*(a^2-b^2)*Csce+f*x^2,x,x /;

FreeQa,b,e,f,A,C,x && NeQ[a^2-b^2,0] && LtQ[m,-1]

2:  Sece + f x
2
a + b Sece + f x

m
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0 ∧ m ≮ -1

Derivation: Algebraic expansion, nondegenerate secant recurrence 1b with 
c → 0, d → 1, A → a c, B → b c + a d, C → b d, m → m + 1, n → 0, p → 0 and algebraic simplification

Basis: A + B z + C z2 ⩵ C (a+b z)2

b2
+ A b2-a2 C+b (b B-2 a C) z

b2

◼
Rule: If  a2 - b2 ≠ 0 ∧ m ≮ -1, then

 Sece + f x
2
a + b Sece + f x

m
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

C

b2
 Sece + f x

2
a + b Sece + f x

m+2
ⅆx +

1

b2
 Sece + f x

2
a + b Sece + f x

m
A b2 - a2 C + b (b B - 2 a C) Sece + f x ⅆx ⟶

C Sece + f x Tane + f x a + b Sece + f x
m+1

b f (m + 3)
+

1

b (m + 3)
 Sece + f x a + b Sece + f x

m
a C + b (C (m + 2) + A (m + 3)) Sece + f x - (2 a C - b B (m + 3)) Sece + f x

2
 ⅆx

◼
Program code:

Intcsce_.+f_.*x_^2*a_+b_.*csce_.+f_.*x_^m_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C*Csce+f*x*Cote+f*x*a+b*Csce+f*x^(m+1)b*f*(m+3) +

1/(b*(m+3))*IntCsce+f*x*a+b*Csce+f*x^m*

Simpa*C+b*(C*(m+2)+A*(m+3))*Csce+f*x-(2*a*C-b*B*(m+3))*Csce+f*x^2,x,x /;

FreeQa,b,e,f,A,B,C,m,x && NeQ[a^2-b^2,0] && Not[LtQ[m,-1]]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 12



Intcsce_.+f_.*x_^2*a_+b_.*csce_.+f_.*x_^m_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C*Csce+f*x*Cote+f*x*a+b*Csce+f*x^(m+1)b*f*(m+3) +

1/(b*(m+3))*IntCsce+f*x*a+b*Csce+f*x^m*Simpa*C+b*(C*(m+2)+A*(m+3))*Csce+f*x-2*a*C*Csce+f*x^2,x,x /;

FreeQa,b,e,f,A,C,m,x && NeQ[a^2-b^2,0] && Not[LtQ[m,-1]]

2.  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0 ∧ m > 0

1:  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0 ∧ m > 0 ∧ n ≤ -1

Derivation: Nondegenerate secant recurrence 1a with p → 0
◼

Rule: If  a2 - b2 ≠ 0 ∧ m > 0 ∧ n ≤ -1, then

 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

-
A Tane + f x a + b Sece + f x

m
d Sece + f x

n

f n
-

1

d n
 a + b Sece + f x

m-1
d Sece + f x

n+1
A b m - a B n - (b B n + a (C n + A (n + 1))) Sece + f x - b (C n + A (m + n + 1)) Sece + f x

2
 ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

A*Cote+f*x*a+b*Csce+f*x^m*d*Csce+f*x^nf*n -

1/(d*n)*Inta+b*Csce+f*x^(m-1)*d*Csce+f*x^(n+1)*

SimpA*b*m-a*B*n-(b*B*n+a*(C*n+A*(n+1)))*Csce+f*x-b*(C*n+A*(m+n+1))*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,B,C,x && NeQ[a^2-b^2,0] && GtQ[m,0] && LeQ[n,-1]

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

A*Cote+f*x*a+b*Csce+f*x^m*d*Csce+f*x^nf*n -

1/(d*n)*Inta+b*Csce+f*x^(m-1)*d*Csce+f*x^(n+1)*

SimpA*b*m-a*(C*n+A*(n+1))*Csce+f*x-b*(C*n+A*(m+n+1))*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,C,x && NeQ[a^2-b^2,0] && GtQ[m,0] && LeQ[n,-1]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 13



2:  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0 ∧ m > 0 ∧ n ≰ -1

Derivation: Nondegenerate secant recurrence 1b with p → 0
◼

Rule: If  a2 - b2 ≠ 0 ∧ m > 0 ∧ n ≰ -1, then

 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

C Tane + f x a + b Sece + f x
m
d Sece + f x

n

f (m + n + 1)
+

1

m + n + 1
 a + b Sece + f x

m-1
d Sece + f x

n
·

a A (m + n + 1) + a C n + ((A b + a B) (m + n + 1) + b C (m + n)) Sece + f x + (b B (m + n + 1) + a C m) Sece + f x
2
 ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C*Cote+f*x*a+b*Csce+f*x^m*d*Csce+f*x^nf*(m+n+1) +

1/(m+n+1)*Inta+b*Csce+f*x^(m-1)*d*Csce+f*x^n*

Simpa*A*(m+n+1)+a*C*n+((A*b+a*B)*(m+n+1)+b*C*(m+n))*Csce+f*x+(b*B*(m+n+1)+a*C*m)*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,B,C,n,x && NeQ[a^2-b^2,0] && GtQ[m,0] && Not[LeQ[n,-1]]

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C*Cote+f*x*a+b*Csce+f*x^m*d*Csce+f*x^nf*(m+n+1) +

1/(m+n+1)*Inta+b*Csce+f*x^(m-1)*d*Csce+f*x^n*

Simpa*A*(m+n+1)+a*C*n+b*(A*(m+n+1)+C*(m+n))*Csce+f*x+a*C*m*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,C,n,x && NeQ[a^2-b^2,0] && GtQ[m,0] && Not[LeQ[n,-1]]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 14



3.  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0 ∧ m < -1

1:  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0 ∧ m < -1 ∧ n > 0

Derivation: Nondegenerate secant recurrence 1a with p → 0
◼

Rule: If  a2 - b2 ≠ 0 ∧ m < -1 ∧ n > 0, then

 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

d A b2 - a b B + a2 C Tane + f x a + b Sece + f x
m+1

d Sece + f x
n-1

b f a2 - b2 (m + 1)
+

d

b a2 - b2 (m + 1)
 a + b Sece + f x

m+1
d Sece + f x

n-1
·

A b2 (n - 1) - a (b B - a C) (n - 1) + b (a A - b B + a C) (m + 1) Sece + f x - b (A b - a B) (m + n + 1) + C a2 n + b2 (m + 1) Sece + f x
2
 ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

-d*(A*b^2-a*b*B+a^2*C)*Cote+f*x*a+b*Csce+f*x^(m+1)*d*Csce+f*x^(n-1)b*f*(a^2-b^2)*(m+1) +

d/(b*(a^2-b^2)*(m+1))*Inta+b*Csce+f*x^(m+1)*d*Csce+f*x^(n-1)*

SimpA*b^2*(n-1)-a*(b*B-a*C)*(n-1)+

b*(a*A-b*B+a*C)*(m+1)*Csce+f*x-

(b*(A*b-a*B)*(m+n+1)+C*(a^2*n+b^2*(m+1)))*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,B,C,x && NeQ[a^2-b^2,0] && LtQ[m,-1] && GtQ[n,0]

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-d*(A*b^2+a^2*C)*Cote+f*x*a+b*Csce+f*x^(m+1)*d*Csce+f*x^(n-1)b*f*(a^2-b^2)*(m+1) +

d/(b*(a^2-b^2)*(m+1))*Inta+b*Csce+f*x^(m+1)*d*Csce+f*x^(n-1)*

SimpA*b^2*(n-1)+a^2*C*(n-1)+a*b*(A+C)*(m+1)*Csce+f*x-(A*b^2*(m+n+1)+C*(a^2*n+b^2*(m+1)))*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,C,x && NeQ[a^2-b^2,0] && LtQ[m,-1] && GtQ[n,0]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 15



2:  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0 ∧ m < -1 ∧ n ≯ 0

Derivation: Nondegenerate secant recurrence 1c with p → 0
◼

Rule: If  a2 - b2 ≠ 0 ∧ m < -1 ∧ n ≯ 0, then

 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

-
A b2 - a b B + a2 C Tane + f x a + b Sece + f x

m+1
d Sece + f x

n

a f (m + 1) a2 - b2
+

1

a (m + 1) a2 - b2
 a + b Sece + f x

m+1
d Sece + f x

n
·

a (a A - b B + a C) (m + 1) - A b2 - a b B + a2 C (m + n + 1) - a (A b - a B + b C) (m + 1) Sece + f x + A b2 - a b B + a2 C (m + n + 2) Sece + f x
2
 ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

(A*b^2-a*b*B+a^2*C)*Cote+f*x*a+b*Csce+f*x^(m+1)*d*Csce+f*x^na*f*(m+1)*(a^2-b^2) +

1/(a*(m+1)*(a^2-b^2))*Inta+b*Csce+f*x^(m+1)*d*Csce+f*x^n*

Simpa*(a*A-b*B+a*C)*(m+1)-(A*b^2-a*b*B+a^2*C)*(m+n+1)-

a*(A*b-a*B+b*C)*(m+1)*Csce+f*x+

(A*b^2-a*b*B+a^2*C)*(m+n+2)*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,B,C,n,x && NeQ[a^2-b^2,0] && LtQ[m,-1] && Not[ILtQ[m+1/2,0] && ILtQ[n,0]]

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

(A*b^2+a^2*C)*Cote+f*x*a+b*Csce+f*x^(m+1)*d*Csce+f*x^na*f*(m+1)*(a^2-b^2) +

1/(a*(m+1)*(a^2-b^2))*Inta+b*Csce+f*x^(m+1)*d*Csce+f*x^n*

Simpa^2*(A+C)*(m+1)-(A*b^2+a^2*C)*(m+n+1)-a*b*(A+C)*(m+1)*Csce+f*x+(A*b^2+a^2*C)*(m+n+2)*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,C,n,x && NeQ[a^2-b^2,0] && LtQ[m,-1] && Not[ILtQ[m+1/2,0] && ILtQ[n,0]]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 16



4:  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0 ∧ n > 0

Derivation: Nondegenerate secant recurrence 1b with p → 0
◼

Rule: If  a2 - b2 ≠ 0 ∧ n > 0, then

 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

C d Tane + f x a + b Sece + f x
m+1

d Sece + f x
n-1

b f (m + n + 1)
+

d

b (m + n + 1)
 a + b Sece + f x

m
d Sece + f x

n-1
a C (n - 1) + (A b (m + n + 1) + b C (m + n)) Sece + f x + (b B (m + n + 1) - a C n) Sece + f x

2
 ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C*d*Cote+f*x*a+b*Csce+f*x^(m+1)*d*Csce+f*x^(n-1)b*f*(m+n+1) +

d/(b*(m+n+1))*Inta+b*Csce+f*x^m*d*Csce+f*x^(n-1)*

Simpa*C*(n-1)+(A*b*(m+n+1)+b*C*(m+n))*Csce+f*x+(b*B*(m+n+1)-a*C*n)*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,B,C,m,x && NeQ[a^2-b^2,0] && GtQ[n,0] (* && Not[IGtQ[m,0] && Not[IntegerQ[n]]] *)

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

-C*d*Cote+f*x*a+b*Csce+f*x^(m+1)*d*Csce+f*x^(n-1)b*f*(m+n+1) +

d/(b*(m+n+1))*Inta+b*Csce+f*x^m*d*Csce+f*x^(n-1)*

Simpa*C*(n-1)+(A*b*(m+n+1)+b*C*(m+n))*Csce+f*x-a*C*n*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,C,m,x && NeQ[a^2-b^2,0] && GtQ[n,0] (* && Not[IGtQ[m,0] && Not[IntegerQ[n]]] *)

5:  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when a2 - b2 ≠ 0 ∧ n ≤ -1

Derivation: Nondegenerate secant recurrence 1c with p → 0
◼

Rule: If  c2 - d2 ≠ 0 ∧ n ≤ -1, then

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 17



 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

-
A Tane + f x a + b Sece + f x

m+1
d Sece + f x

n

a f n
+

1

a d n
 a + b Sece + f x

m
d Sece + f x

n+1
a B n - A b (m + n + 1) + a (A + A n + C n) Sece + f x + A b (m + n + 2) Sece + f x

2
 ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

A*Cote+f*x*a+b*Csce+f*x^(m+1)*d*Csce+f*x^na*f*n +

1/(a*d*n)*Inta+b*Csce+f*x^m*d*Csce+f*x^(n+1)*

Simpa*B*n-A*b*(m+n+1)+a*(A+A*n+C*n)*Csce+f*x+A*b*(m+n+2)*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,B,C,m,x && NeQ[a^2-b^2,0] && LeQ[n,-1]

Inta_+b_.*csce_.+f_.*x_^m_*d_.*csce_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

A*Cote+f*x*a+b*Csce+f*x^(m+1)*d*Csce+f*x^na*f*n +

1/(a*d*n)*Inta+b*Csce+f*x^m*d*Csce+f*x^(n+1)*

Simp-A*b*(m+n+1)+a*(A+A*n+C*n)*Csce+f*x+A*b*(m+n+2)*Csce+f*x^2,x,x /;

FreeQa,b,d,e,f,A,C,m,x && NeQ[a^2-b^2,0] && LeQ[n,-1]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 18



6:


A + B Sece + f x + C Sece + f x
2

d Sece + f x a + b Sece + f x

ⅆx when a2 - b2 ≠ 0

Derivation: Algebraic expansion

Basis: A+B z+C z2

d z (a+b z)
⩵

A b2-a b B+a2 C (d z)3/2

a2 d2 (a+b z)
+ a A-(A b-a B) z

a2 d z
◼

Rule: If  a2 - b2 ≠ 0, then



A + B Sece + f x + C Sece + f x
2

d Sece + f x a + b Sece + f x

ⅆx ⟶
A b2 - a b B + a2 C

a2 d2


d Sece + f x
3/2

a + b Sece + f x
ⅆx +

1

a2


a A - (A b - a B) Sece + f x

d Sece + f x

ⅆx

◼
Program code:

IntA_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2Sqrtd_.*csce_.+f_.*x_*a_+b_.*csce_.+f_.*x_,x_Symbol :=

(A*b^2-a*b*B+a^2*C)/(a^2*d^2)*Intd*Csce+f*x^(3/2)a+b*Csce+f*x,x +

1/a^2*Inta*A-(A*b-a*B)*Csce+f*xSqrtd*Csce+f*x,x /;

FreeQa,b,d,e,f,A,B,C,x && NeQ[a^2-b^2,0]

IntA_.+C_.*csce_.+f_.*x_^2Sqrtd_.*csce_.+f_.*x_*a_+b_.*csce_.+f_.*x_,x_Symbol :=

(A*b^2+a^2*C)/(a^2*d^2)*Intd*Csce+f*x^(3/2)a+b*Csce+f*x,x +

1/a^2*Inta*A-A*b*Csce+f*xSqrtd*Csce+f*x,x /;

FreeQa,b,d,e,f,A,C,x && NeQ[a^2-b^2,0]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 19



7:


A + B Sece + f x + C Sece + f x
2

d Sece + f x a + b Sece + f x

ⅆx when a2 - b2 ≠ 0

Derivation: Algebraic expansion

Basis: A+B z+C z2
d z

⩵ C (d z)3/2

d2
+ A+B z

d z
◼

Rule: If  a2 - b2 ≠ 0, then



A + B Sece + f x + C Sece + f x
2

d Sece + f x a + b Sece + f x

ⅆx ⟶
C

d2


d Sece + f x
3/2

a + b Sece + f x

ⅆx +


A + B Sece + f x

d Sece + f x a + b Sece + f x

ⅆx

Program code:

IntA_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2Sqrtd_.*csce_.+f_.*x_*Sqrta_+b_.*csce_.+f_.*x_,x_Symbol :=

C/d^2*Intd*Csce+f*x^(3/2)Sqrta+b*Csce+f*x,x +

IntA+B*Csce+f*xSqrtd*Csce+f*x*Sqrta+b*Csce+f*x,x /;

FreeQa,b,d,e,f,A,B,C,x && NeQ[a^2-b^2,0]

IntA_.+C_.*csce_.+f_.*x_^2Sqrtd_.*csce_.+f_.*x_*Sqrta_+b_.*csce_.+f_.*x_,x_Symbol :=

C/d^2*Intd*Csce+f*x^(3/2)Sqrta+b*Csce+f*x,x +

A*Int1Sqrtd*Csce+f*x*Sqrta+b*Csce+f*x,x /;

FreeQa,b,d,e,f,A,C,x && NeQ[a^2-b^2,0]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 20



X:  a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx

◼
Rule:

 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

 a + b Sece + f x
m
d Sece + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx

◼
Program code:

Inta_+b_.*csce_.+f_.*x_^m_.*d_.*csce_.+f_.*x_^n_.*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

Unintegrablea+b*Csce+f*x^m*d*Csce+f*x^n*A+B*Csce+f*x+C*Csce+f*x^2,x /;

FreeQa,b,d,e,f,A,B,C,m,n,x

Inta_+b_.*csce_.+f_.*x_^m_.*d_.*csce_.+f_.*x_^n_.*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

Unintegrablea+b*Csce+f*x^m*d*Csce+f*x^n*A+C*Csce+f*x^2,x /;

FreeQa,b,d,e,f,A,C,m,n,x

Rules for integrands of the form (a + b Sec[e + f x])m (c (d Sec[e + f x])p)n A + B Sec[e + f x] + C Sec[e + f x]2

1:  a + b Sece + f x
m
d Cose + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when n ∉ ℤ ∧ m ∈ ℤ

Derivation: Algebraic normalization

Basis: If  m ∈ ℤ, then (a + b Sec[z])m A + B Sec[z] + C Sec[z]2 ⩵
dm+2 (b+a Cos[z])m C+B Cos[z]+A Cos[z]2

(d Cos[z])m+2

◼
Rule: If  n ∉ ℤ ∧ m ∈ ℤ, then

 a + b Sece + f x
m
d Cose + f x

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 21





dm+2  b + a Cose + f x
m
d Cose + f x

n-m-2
C + B Cose + f x + A Cose + f x

2
 ⅆx

◼
Program code:

Inta_+b_.*sece_.+f_.*x_^m_.*d_.*cose_.+f_.*x_^n_*A_.+B_.*sece_.+f_.*x_+C_.*sece_.+f_.*x_^2,x_Symbol :=

d^(m+2)*Intb+a*Cose+f*x^m*d*Cose+f*x^(n-m-2)*C+B*Cose+f*x+A*Cose+f*x^2,x /;

FreeQa,b,d,e,f,A,B,C,n,x && Not[IntegerQ[n]] && IntegerQ[m]

Inta_+b_.*csce_.+f_.*x_^m_.*d_.*sine_.+f_.*x_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

d^(m+2)*Intb+a*Sine+f*x^m*d*Sine+f*x^(n-m-2)*C+B*Sine+f*x+A*Sine+f*x^2,x /;

FreeQa,b,d,e,f,A,B,C,n,x && Not[IntegerQ[n]] && IntegerQ[m]

Inta_+b_.*sece_.+f_.*x_^m_.*d_.*cose_.+f_.*x_^n_*A_.+C_.*sece_.+f_.*x_^2,x_Symbol :=

d^(m+2)*Intb+a*Cose+f*x^m*d*Cose+f*x^(n-m-2)*C+A*Cose+f*x^2,x /;

FreeQa,b,d,e,f,A,C,n,x && Not[IntegerQ[n]] && IntegerQ[m]

Inta_+b_.*csce_.+f_.*x_^m_.*d_.*sine_.+f_.*x_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

d^(m+2)*Intb+a*Sine+f*x^m*d*Sine+f*x^(n-m-2)*C+A*Sine+f*x^2,x /;

FreeQa,b,d,e,f,A,C,n,x && Not[IntegerQ[n]] && IntegerQ[m]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 22



2:  a + b Sece + f x
m
c d Sece + f x

p

n
A + B Sece + f x + C Sece + f x

2
 ⅆx when n ∉ ℤ

Derivation: Piecewise constant extraction

Basis: ∂x (c (d Sec[e+f x])p)n

(d Sec[e+f x])n p
⩵ 0

◼
Rule: If  n ∉ ℤ, then


a + b Sece + f x

m
c d Sece + f x

p

n
A + B Sece + f x + C Sece + f x

2
 ⅆx ⟶

cIntPart[n] c d Sece + f x
p

FracPart[n]

d Sece + f x
p FracPart[n]

 a + b Sece + f x
m
d Sece + f x

n p
A + B Sece + f x + C Sece + f x

2
 ⅆx

◼
Program code:

Inta_+b_.*sece_.+f_.*x_^m_.*c_.*d_.*sece_.+f_.*x_^p_^n_*A_.+B_.*sece_.+f_.*x_+C_.*sece_.+f_.*x_^2,x_Symbol :=

c^IntPart[n]*c*d*Sece+f*x^p^FracPart[n]d*Sece+f*x^(p*FracPart[n])*

Inta+b*Sece+f*x^m*d*Sece+f*x^(n*p)*A+B*Sece+f*x+C*Sece+f*x^2,x /;

FreeQa,b,c,d,e,f,A,B,C,m,n,p,x && Not[IntegerQ[n]]

Inta_+b_.*csce_.+f_.*x_^m_.*c_.*d_.*csce_.+f_.*x_^p_^n_*A_.+B_.*csce_.+f_.*x_+C_.*csce_.+f_.*x_^2,x_Symbol :=

c^IntPart[n]*c*d*Csce+f*x^p^FracPart[n]d*Csce+f*x^(p*FracPart[n])*

Inta+b*Csce+f*x^m*d*Csce+f*x^(n*p)*A+B*Csce+f*x+C*Csce+f*x^2,x /;

FreeQa,b,c,d,e,f,A,B,C,m,n,p,x && Not[IntegerQ[n]]

Inta_+b_.*sece_.+f_.*x_^m_.*c_.*d_.*sece_.+f_.*x_^p_^n_*A_.+C_.*sece_.+f_.*x_^2,x_Symbol :=

c^IntPart[n]*c*d*Sece+f*x^p^FracPart[n]d*Sece+f*x^(p*FracPart[n])*

Inta+b*Sece+f*x^m*d*Sece+f*x^(n*p)*A+C*Sece+f*x^2,x /;

FreeQa,b,c,d,e,f,A,C,m,n,p,x && Not[IntegerQ[n]]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 23



Inta_+b_.*csce_.+f_.*x_^m_.*c_.*d_.*csce_.+f_.*x_^p_^n_*A_.+C_.*csce_.+f_.*x_^2,x_Symbol :=

c^IntPart[n]*c*d*Csce+f*x^p^FracPart[n]d*Csce+f*x^(p*FracPart[n])*

Inta+b*Csce+f*x^m*d*Csce+f*x^(n*p)*A+C*Csce+f*x^2,x /;

FreeQa,b,c,d,e,f,A,C,m,n,p,x && Not[IntegerQ[n]]

Rules for integrands of the form (a+b sec(e+f x))^m (d sec(e+f x))^n (A+B sec(e+f x)+C sec(e+f x)^2) 24


