Rules for integrands of the form (a + bSec[e + fx])" (dSec[e + fx])" (A +BSec[e+fx] +CSec[e + fx]z)

0: j(a+b5ec[e+fx])"' (c+dSec[e+-Fx:|)n (A+BSec[e+fx] +CSec[e+-Fx]2) dx when Ab>-abB+a%C==0

Derivation: Algebraic simplification

Basis: If Ab2 -~ abB+a2C ==0,thenA +Bz +Cz2 - (2:bz) <btl)327a C+bC2z)

Rule: If Ab%2-abB +a?C == 0, then
J(a+b5ec[e+fx])'" (c+dsec[e+fx])" (A+BSec[e+fx] +CSec[e+fx]?)dx —

:Tj(a+b5ec[e+fx])m+1 (c+dSec[e+-Fx])" (bB-aC+bCSec[e+fx]) dx

Program code:

Int[(a_.+b_.xcsce_.+f_.xx_])™m_.(c_.+d_.#csc[e_.+f_.xx_])"n_.(A_.+B_.xcsc[e_.+f_.»x_]+C_.xcsc[e_.+f_.»x_]"2),x_Symbol] :=
1/b"2+Int[ (a+bxCsc[e+fxx])~ (m+1) x (c+dxCsc[e+fxx]) nx (bxB-axC+bxCxCsc[e+fxx]),x]| /;
FreeQ[{a,b,c,d,e,f,A,B,C,m,n},x] && EqQ[Axb"2-axbxB+a"2C,0]

Int[(a_.+b_.xcsce_.+f_.xx_])™m_.x(c_.+d_.#csc[e_.+f_.xx_])"n_.(A_.+C_.xcsc[e_.+f_.»x_]"2),x_Symbol] :=
-C/b"2xInt [ (a+bxCsc[e+fxx]| )~ (m+l) « (c+dxCsc[e+fxx] ) nx (a-bxCsc[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f,A,C,m,n},x] && EqQ[Axb"2+a"2xC,0]



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

1. J(a+b5ec[e+fx]) (dsec[e+fx])" (A+BsSec[e+fx] +CSec[e+-Fx]2) dx

1: f(a+b$ec[e+fx]) (dSec[e+-Fx])" (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx when n< -1

Derivation: Algebraic expansion, nondegenerate secant recurrence 1c with
c->1,d-»0,A->c,B->d, C>0, n->0, p- 0andalgebraicsimplification

Basis:A + Bz + C z2 ::A+ld—z>—<dB+#L

Rule: If n < -1, then

J(a+b5ec[e+fx]) (dsec[e+x])" (A+BSec[e+fx] +CSec[e+Fx]?) ax —

AJ(a+bSec[e+fx]) (dSec[e+fx])"d1x+ij(a+b5ec[e+fx]) (dSec[e+1:x])n+1 (B+CSec[e+fx])dx —

AaTan[e+fx]| (dSec[e+fx])" 1 ) ,
- p +d— (dsec[e+fx])™" (n(Ba+Ab) + (n (aC+Bb) +Aa (n+1)) Sec[e+fx] +bCnSec[e+fx]|*) dx
n n

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])*(d_.xcsc[e_.+Ff_.#x_])~n_«(A_.+B_.xcsc[e_.+f_.»x_]+C_.xcsc[e_.+f_.»x_]*2),x_Symbol] :=
AxaxCot [e+f*x] * (d*Csc [e+'F*X] )"n/(-F*n) +
1/ (dxn) *Int [ (d*Csc [e+'F*x] ) A(n+1) *Simp [n* (Bxa+Axb) + (nx (axC+Bxb) +Axax (n+1) ) *Csc [e+'F*x] +bxCxnxCsc [e+'F*x] "Z,x] ,x] Ve
FreeQ[{a,b,d,e,f,A,B,C},x] & LtQ[n,-1]

Int[(a_+b_.xcsc[e_.+f_.xx_])*(d_.xcsc[e_.+Ff_.#x_]) n_«(A_.+C_.xcsc[e_.+f_.»x_]"2),x_Symbol] :=
AxaxCot [e+'F*X] * (d*CSC [e+'F*X] )"n/(-F*n) +
1/ (dxn) *Int [ (d*Csc [e+f*x] ) A(n+1) *Simp [A*b*n+a* (Cxn+Ax (n+1)) xCsc [e+'F*X] +bxCxnxCsc [e+'F*x] "2,x] ,x] /3
FreeQ[{a,b,d,e,f,A,C},x] & LtQ[n,-1]

2: j(a+b$ec[e+-Fx]) (dSec[e+-Fx])" (A+Bsec[e+fx] +CSec[e+-Fx]2) dx when n ¢ -1



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

Derivation: Algebraic expansion, nondegenerate secant recurrence 1b with
c->0,d->1,A-ac,B->bc+ad, C>bd, m>m+1, n- 0, p- 0andalgebraic simplification
Basis:A+ Bz +C z? == C43—22>—2+A+BZ

Rule: If n ¢« -1, then

J(a+b5ec[e+fx]) (dsec[e+fx])" (A+BSec[e+fx] +CSec[e+fx]?)dx —

dc—ZJ(a+bSec[e+fx]) (dSec[e+fx])"+2d1x+J(a+b5ec[e+fx]) (dsec[e+fx])" (A+BsSec[e+fx])dx —

bCSec[e+fx] Tan[e+-Fx] (dSec[e+-Fx])n
+

f(n+2)

ZJ.(dSec[eva])" (Ra(n+2)+ (Ba(n+2) +b (C(n+1) +A(n+2)))Sec[e+fx|+ (aC+Bb) (n+2) Sec[e+fx]2)d1x
n+

Program code:

Int[(d_.xcsc[e_.+f_.xx_]) n_.#(a_+b_.xcsc[e_.+f_.#x_])»(A_.+B_.#csc[e_.+f_.xx_]|+C_.*csc[e_.+f_.xx_]|"2),x_Symbol] :=
—b*C*Csc[e+f*x]*Cot[e+f*x]*(d*Csc[e+f*x])An/(f*(n+2)) +
1/ (n+2) xInt [ (d*CSC [e+'F*X] ) AnxSimp [A*a* (n+2) + (Bxax (n+2) +b* (Cx (n+1) +A% (n+2) ) ) xCsc [e+'F*X] + (axC+Bxb) x (n+2) *Csc [e+'F*X] "2,X] ,X] /3
FreeQ[{a,b,d,e,f,A,B,C,n},x]| & Not[LtQ[n,-1]]

Int[(d_.xcsc[e_.+f_.xx_]) n_.#(a_+b_.xcsc[e_.+f_.#x_])»(A_.+C_.*csc[e_.+f_.xx_]|"2),x_Symbol] :=
-bxCxCsc[e+fxx] xCot [e+fxx]+ (dxCsc[e+fxx]) n/(fx(n+2)) +

1/(n+2)*Int[(d*Csc[e+f*x])An*Simp[A*a*(n+2)+b*(C*(n+1)+A*(n+2))*Csc[e+f*x]+a*c*(n+2)*Csc[e+f*x]A2,x],x] /5
FreeQ[{a,b,d,e,f,A,C,n},x] && Not[LtQ[n,-1]]

2. JSec[ewa] (a+bSec[e+-Fx])'" (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx
1. JSec[e+fx] (a+bSec[e+1’x])"1 (A+BSec[e+fx| +CSec[e+fx]z) dx whenm< -1

1: Sec[e+-Fx] (a+bSec[e+-Fx])'"(A+BSec[e+fx] +CSec[e+-Fx]2) dx whenm< -1 A a?-b? ==

n
()



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

Derivation: Algebraic expansion, singly degenerate secant recurrence 2b withA -1, B—>0, n—> 1, p - @and
algebraic simplification

Basis: If @ - b® == ©,thena+Bz+cz? = 2abBeaC, (asbn) bBacebes)

Rule:If m< -1 A a?-b? == 9, then

J.Sec[e+fx] (a+bSec[e+fx])'" (A+BSec[e+fx] +CSec[e+-Fx]2) dx —

-b
MJSec[ewa] (a+bSec[e+-Fx])'"d]x+:—2 Sec[e + x| (a+bSec[e+-Fx])"'+1 (bB-aC+bCsSec[e+fx])dx —
a
(aA-bB+aC) Tan[e +fx] Sec[e+fx] (a+bSec[e+fx])"
af (2m+1) B
;JSec[e+fX] (a+bSec[e+-Fx])'"+1 (aB-bC-2Ab (m+1) - (bB(m+2) -a (A(m+2) -C (m-1))) Sec[e+fx]) dx
ab2m+1)

Program code:

Int[csc[e_.+f_.*x_]*(a_+b_.xcsc[e_.+Ff_.#x_]) m_« (A_.+B_.xcsc[e_.+f_.»x_]+C_.xcsc[e_.+f_.»x_]*2),x_Symbol] :=
- (axA-bxB+axC) xCot [e+'F*X] *Csc [e+'F*X] * (a+b*Csc [e+‘F*X] )"m/(a*-F* (2xm+1) ) -
1/ (axbx (2xm+1) ) xInt [Csc [e+'F*x] * (a+b*Csc [e+'F*x] )" (m+1) %
Simp [a*B-bxC-2#Axbx (M+1) - (b*Bx (M+2) ~ax (Ax (m+2) -Cx (m-1) ) ) xCsc [e+Fxx],x],x] /;
FreeQ[{a,b,e,f,A,B,C},x] & LtQ[m,-1] && EqQ[a"2-b"2,0]

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+Ff_.#x_]) m_« (A_.+C_.xcsc[e_.+f_.»x_]"2),x_Symbol] :=
- (A+C) xCot [e+'F*X] *Csc [e+'F*x] * (a+b*Csc [e+'F*x] ) "m/(-F* (2xm+1) ) -
1/ (a*bx (2xm+1) ) *Int [CSC [e+'F*x] * (a+b*Csc [e+'F*x] )" (m+1)
Simp [-b#C-2xAxbx (m+1) +a* (A% (m+2) -C# (m-1) ) xCsc [e+fxx],x],x] /;
FreeQ[{a,b,e,f,A,C},x] && LtQ[m,-1] && EqQ[a"2-b"2,0]



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

2: Sec[e+-Fx] (a+bSec[e+fx])'" (A+BSec[e+fx] +CSec[e+-Fx]2) dx whenm< -1 A a2-b%2#0

Derivation: Secant recurrence 2awithn - 1

Rule:If m< -1 A a? - b? # 9, then

jSec[e+fx] (a+bSec[e+1°x])m (A+Bsec[e+fXx| +CSec[e+fx]2) dx —

(Abz—abB+a2C) Tan[e+-Fx] (a+bSec[e+-Fx])"'+1

+

bf (m+1) (a%-b?)
1

sec[e+fx] (a+bsSec[e+fx])™.
b (m+1) (a®-b?) J‘ [e+x] (a- [e+#x])

(b (aA-bB+aC) (m+1) - (Ab’-abB+a’C+b (Ab-aB+bC) (m+1)) Sec[e+fx]) dx

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+Ff_.#x_]) m_« (A_.+B_.xcsc[e_.+f_.»x_]+C_.xcsc[e_.+f_.*x_]*2),x_Symbol] :=
-(A*bAZ—a*b*B+aA2*C)*Cot[e+f*x]*(a+b*Csc[e+f*x])A(m+1)/(b*f*(m+1)*(aA2—bA2)) +
1/ (b* (m+1) = (a*2-b”2) ) xInt [CSC [e+f*x] * (a+b*Csc [e+f*x] )" (m+1) %
Simp [b* (axA-bxB+axC) * (m+1) - (Axb*2-axbxB+a*2xC+bx (Axb-axB+b*C) » (m+1) ) xCsc [e+'F*x] ,x] ,x] /3
FreeQ[{a,b,e,f,A,B,C},x] & LtQ[m,-1] && NeQ[a"2-b"2,0]

Int[csc[e_.+f_.#x_](a_+b_.xcsc[e_.+F_.xx_]) m_x (A_.+C_.xcsc[e_.+Ff_.xx_]"2),x_Symbol] :=
- (Axb”2+a”2xC) xCot [e+'F*X] * (a+b*CSC [e+'F*X] ) 2 (m+1)/(b*f* (m+1) » (a~2-b”2) ) +
1/ (b*x (m+1) x (a*2-b”2) ) xInt [Csc [e+'F*X] * (a+b*Csc [e+f*x] )" (m+1) %
Simp [axbx (A+C) x (M+1) - (Axb"2+a"2xC+bx (Axb+b#C) * (m+1) ) xCsc[e+Ffxx],x],x] /;
FreeQ[{a,b,e,f,A,C},x] && LtQ[m,-1] && NeQ[a"2-b"2,0]



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

2: JSec[e+fX] (a+bSec[e+-Fx])"' (A+BSec[e+-Fx] +CSec[e+fx]2) dx whenm¢ -1

Derivation: Secant recurrence 3awithn » 1

Rule: If m ¢« -1, then

JSec[e+fx] (a+bSec[e+1“x])m (A+Bsec[e+fXx| +CSec[e+fx]2) dx —

CTan[e+fx] (a+bsec[e+fx])™
bf (m+2) "

— JEech+fx](a+b5ech+fx]VWbA(m+2)+bc(m+1)+(bB(m+2)-aC)5ech+fx])dx
(m+2)

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_« (A_.+B_.xcsc[e_.+f_.»x_]+C_.xcsc[e_.+f_.»x_]"2),x_Symbol]| :=
—C*Cot[e+f*x]*(a+b*Csc[e+f*x])A(m+1)/(b*f*(m+2)) +
1/(b*(m+2))*Int[Csc[e+f*x]*(a+b*Csc[e+f*x])Am*simp[b*A*(m+2)+b*C*(m+1)+(b*B*(m+2)—a*C)*Csc[e+f*x],x],x] /5

FreeQ[{a,b,e,f,A,B,C,m},x| & Not[LtQ[m,-1]]

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_« (A_.+C_.xcsc[e_.+f_.xx_]"2),x_Symbol]| :=

-CxCot [e+'F*x] * (a+b*Csc [e+f*x] ) n (m+1)/(b*f* (m+2) ) +

1/ (bx (m+2) ) »Int[Csc[e+fxx]x (a+bxCsc[e+fxx]) "mxSimp [bxAx (m+2) +bxCx (m+1) -axCxCsc[e+fxx],x],x]| /;
FreeQ[{a,b,e,f,A,C,m},x] & Not[LtQ[m,-1]]



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

3 j(a+b5ec[e+fx])'" (dSec[e+-Fx])n (A+BSec[e+-Fx] +CSec[e+fx]2) dx when a2 -b2=-0

1: J(a+b$ec[e+fx])"' (dSec[e+1=x])n (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx when a2-b2==0 A m<—§

Derivation: Algebraic expansion, singly degenerate secant recurrence 2b withA - 1, B - 0, p — 0 and algebraic
simplification

Basis: If a? — b? == ©,thena+Bz+cz? - 2AbB:ac, (abz) (bB-aCibCa)

a b?

Rule: If a> - b% == @ A m< -2, then

J(a+b$ec[e+fx])"' (dsec[e+fx])" (A+BSec[e+fx]+CSec[e+fx]?) dx —

-b C 1
w[(awsec[emx])m (asecles £x])"axs — [(asbSec[es fx])™ (dsec[es £x])" (bB-acsbCSec[er fx]) ax —
a

(aA-bB+aC) Tan[e+fx] (a+bSec[e+fx])" (dSec[e+Ffx])"

af (2m+1)

! J(a+b5ec[e+fx])'"+1 (dsec[e+fx])"-

ab((2m+1)
(aBn-bCn-Ab (2m+n+1) - (bB(m+n+1) -a (A(m+n+1) -C (m-n))) Sec[e+fx]) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])~m_x(d_.+csc[e_.+f_.xx_])"n_x(A_.+B_.xcsc[e_.+f_.#x_]+C_.xcsc[e_.+Ff_.+x_]~2),x_Symbol] :=
- (axA-bxB+axC) xCot [e+'F*X] * (a+b*CSC [e+'F*X] ) Amx (d*Csc [e+f*x] )"n/(a*f* (2xm+1) ) -
1/ (axbx (2xm+1) ) xInt [ (a+b*Csc [e+f*x] ) A(m+1) * (d*Csc [e+'F*x] ) Anx
Simp [a*Bxn-b#Cxn-Axbx (2xm+n+1) - (b*Bx (M+n+1) -ax (Ax (M+n+1) -C# (m-n) ) ) xCsc [e+F*x],x],x] /3
FreeQ[{a,b,d,e,f,A,B,C,n},x] && EqQ[a"2-b"2,0] && LtQ[m,-1/2]



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

Int[(a_+b_.xcsc[e_.+f_.xx_])~m_x(d_.+csc[e_.+f_.xx_])"n_ (A_.+C_.xcsc[e_.+f_.+x_]~2),x_Symbol] :=
-a* (A+C) xCot [e+f*x] * (a+b*Csc [e+f*x] ) m* (d*Csc [e+‘F*x] )"n/(a*f* (2xm+1) ) +
1/ (axbx (2xm+1) ) xInt [ (a+bxCsc[e+fxx] )~ (m+1) x (dxCsc[e+fxx] ) nx
Simp [b*Cxn+Axbx (2#m+n+1) - (ax (Ax (M+n+1) -Cx (m-n) ) ) xCsc [e+Fxx],x],x]| /;
FreeQ[{a,b,d,e,f,A,C,n},x] && EqQ[a"2-b"2,0] 8&& LtQ[m,-1/2]

2. J(a+bSec[e+-Fx])'" (dSec[e+-Fx])" (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2-b2==0 A m{-%

1: J(a+b$ec[e+fx])'" (dsec[e+fx])" (A+BSec[e+fx] +C5ec[e+fx]2) dx when a2 -b2==0 A m{—% A (n<—§ Vm+n+l=0)

Derivation: Algebraic expansion and singly degenerate secant recurrence 1cwithA -1, B> 0, p >0

BasiS:A+Bz+Cz2 == A+ 42 d(B+Cz)

Rule:1f a2 - b2 =0 A m ¢ -

N |

A (n<—% \/m+n+1::0),then

J(a+b5ec[e+fx])"' (dsec[e+fx])" (A+BSec[e+fx] +CSec[e+Ffx]?)dx —

AJ(a+bSec[e+-Fx])"' (dSec[e+fx])"d1x+%J(a+b$ec[e+fx])m (dSec[e+-Fx])"+1 (B+Csec[e+fx])dx —

ATan[e+fx] (a+bSec[e+-Fx])“1 (dSec[e+-Fx])"
fn

= J\(a+b5ec[e+-Fx])m (dSec[e+-Fx])n+1 (aAm-bBn-b (A (m+n+1) +Cn) Sec[e+fx]) dx
n

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_«(d_.xcsc[e_.+f_.xx_]) n_« (A_.+B_.xcsc[e_.+f_.»x_]+C_.xcsc[e_.+f_.xx_]*2),x_Symbol] :=
AxCot [e+fxX] » (a+bxCsc[e+fxx]) "mx (d«Csc[e+fxx])~n/(fxn) -
1/ (bxdxn) xInt [ (a+b*Csc [e+f*x] ) Amx (d*Csc [e+'F*x] )" (n+1) *Simp [a*A*m—b*B*n—b* (Ax (m+n+1) +Cxn) xCsc [e+'F*x] ,X] ,X] /3
FreeQ[{a,b,d,e,f,A,B,C,m},x]| && EqQ[a~2-b"2,0] & Not[LtQ[m,-1/2]] && (LtQ[n,-1/2] || EqQ[m+n+1,0])



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

Int[(a_+b_.xcsc[e_.+f_.xx_])~m_x(d_.+csc[e_.+f_.xx_])"n_ (A_.+C_.xcsc[e_.+f_.+x_]~2),x_Symbol] :=

AxCot [e+‘F*x] * (a+b*Csc [e+f*x] ) Amx (d*CSC [e+f*x] ) "n/(f*n) -

1/ (bxd*n) xInt|[ (a+b*Csc[e+fxx])"m« (d«Csc[e+fxx])~ (n+1) xSimp [axAxm-bx (Ax (m+n+1) +Cxn) xCsc[e+f*x],x],x]| /;
FreeQ[{a,b,d,e,f,A,C,m},x| & EqQ[a~2-b"2,0] && Not[LtQ[m,-1/2]] && (LtQ[n,-1/2] || EqQ[m+n+1,0])

2: j(a+b5ec[e+fx])'" (dSec[e+fx])" (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2 -b2==0 A m{—% A n{—% Am+n+1#0

Derivation: Nondegenerate secant recurrence 1b withp - @ and a2 - b? == @
Derivation: Algebraic expansion and singly degenerate secant recurrence 2cwithA->c, B>d, n->n+1, p-> 0
Basis:A+Bz+C2? = CJ%)—2+A+BZ

Rule:If a>-b*> =@ Am¢ -2 Am+n+1#0,then

j(a+bSec[e+-Fx])'" (dsec[e+fx])" (A+BSec[e+fx] +CSec[e+Ffx]?) dx —

:—Zf(awsec[mfx])m(dsec[e+fx])"+2d]x+j(a+bsec[e+fx])m(dSec[e+fx])"(A+Bsec[e+fx])d]x =

CTan[e+fx] (a+bSec[e+fx])" (dSec[e+fx])" .

f(M+n+1)
1

—j(a+b5ec[e+fx])'"(dSec[e+fx])" (Ab (m+n+1) +bCn+ (aCm+bB (m+n+1)) Sec[e+fx]) dx
b(m+n+1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.xcsc[e_.+f_.xx_])"n_(A_.+B_.xcsc[e_.+Ff_.#x_]+C_.xcsc[e_.+Ff_.+x_]~2),x_Symbol] :=
—C*Cot[e+f*x]*(a+b*Csc[e+f*x])Am*(d*Csc[e+f*x])An/(f*(m+n+1)) +
1/ (bx (m+n+1)) xInt [ (a+b*Csc [e+‘F*x] )"m* (d*Csc [e+'F*x] ) AnxSimp [A*b* (m+n+1) +b*xCxn+ (axCxm+bxB* (m+n+1) ) *xCsc [e+'F*X] ,x] ,x] /3
FreeQ[{a,b,d,e,f,A,B,C,m,n},x]| && EqQ[a"2-b"2,0] && Not[LtQ[m,-1/2]] & Not[LtQ[n,-1/2]] && NeQ[m+n+1,0]



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_]) n_x(A_.+C_.+csc[e_.+f_.*x_]~2),x_Symbol] :=

-CxCot [e+f*x] * (a+b*Csc [e+f*x] ) m* (d*Csc [e+'F*X] )"n/(f* (m+n+1) ) +

1/ (bx (m+n+1) ) »Int[ (a+bxCsc[e+fxx])"mx (dxCsc[e+Ffxx]) nxSimp [Axbx (m+n+1) +bxCxn+axCxmxCsc[e+fxx],x],x] /;
FreeQ[{a,b,d,e,f,A,C,m,n},x]| && EqQ[a"2-b"2,0] && Not[LtQ[m,-1/2]] && Not[LtQ[n,-1/2]] && NeQ[m+n+1,0]

10



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

4, j(a+b5ec[e+fx])'" (dSec[e+-Fx])n (A+BSec[e+-Fx] +CSec[e+fx]2) dx when a2 -b%#0
1. Sec[e+-Fx]2 (a+bSec[e+-Fx])"I (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx when a2 -b% #0

1: Sec[e+-Fx]2 (a+bSec[e+-Fx])"‘ (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2-b2#0 A m< -1

Derivation: Algebraic expansion, nondegenerate secant recurrence 1c with
c->1,d-»0, A->c,B->d, C->0, n-> 0, p- 0andalgebraic simplification

Ab%2-abB+alC (a+bz) (bB-aC+bCz)
b? " b2

Rule:If a2 -b%? +0 A m< -1, then

Basis:A+Bz + Cz2 =

J~Sec[e+-Fx]2 (a+bSec[e+fx])'" (A+BSec[e+fx] +CSec[e+-Fx]2) dx —

Ab%2-abB+a’C

- jSec[e+fx]2 (a+bSec[e+-Fx])'"d1x+i Sec[e+-Fx]2 (a+bSec[e+-Fx])'"+1 (bB—aC+bCSec[e+-Fx]) dx —

b2

a (Abz—abB+a2C) Tan[e+fx] (a+bSec[e+-Fx])"'+1

b>f (m+1) (a®-b?)
1

sec[e+fx] (a+bsec[e+fx])™.
b? (m+1) (a%-b?) J‘ [e+#x] (2+ [e+#x])

(b (m+1) (-a(bB-acC)+Ab*) + (bB (a®>+b? (m+1)) -a (Ab> (m+2) +C (a®>+b® (m+1)))) Sec[e+fx] -bC (m+1) (a®-b?) Sec[e+fx]2) dx

Program code:

Int[csc[e_.+f_.#x_]"2% (a_+b_.xcsce_.+f_.xx_] ) m_# (A_.+B_.xcsc[e_.+f_.#x_]+C_.xcsc[e_.+f_.#x_]~2),x_Symbol] :=
ax (Axb"2-axbxB+a"2+C) xCot [e+fxx]+ (a+bxCsc[e+fxx] )~ (m+1) /(b 2xFx (m+1) * (a%2-b"2)) -
1/ (b”2% (m+1) » (a*2-b”2) ) xInt [Csc [e+-F*x] * (a+b*Csc [e+'F*X] ) A(m+l) *
Simp [b* (m+1) x (-ax (bxB-axC) +Axb"2) +
(b#Bx (a"2+4b"2% (M+1) ) —a% (Axb"2# (M+2) +C# (a"2+b"2x (M+1) ) ) ) *Csc [e+Fxx] -
b*Cx (m+1) * (a”2-b”2) xCsc [e+'F*X] "Z,X] ,X] /5
FreeQ[{a,b,e,f,A,B,C},x] & NeQ[a"2-b"2,0] && LtQ[m,-1]
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Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2) 12

Int[csc[e_.+f_.*x_]"2+ (a_+b_.xcsc[e_.+f_.xx_] ) m_« (A_.+C_.xcsc[e_.+f_.»x_]*2),x_Symbol] :=
ax (Axb”2+a”2xC) xCot [e+f*x] * (a+b*Csc [e+f*x] ) & (m+1)/(b"2*f* (m+1) % (a”2-b"2) ) -
1/ (b*2x (m+1) » (a"2-b"2) ) xInt[Csc[e+Ffxx]* (a+bxCsc[e+fxx] )" (m+l) *
Simp[b*(m+1)*(aA2*C+A*bA2)—a*(A*bAZ*(m+2)+C*(aA2+bA2*(m+1)))*Csc[e+f*x]—b*C*(m+1)*(aAZ—bAZ)*Csc[e+f*x]A2,x],x] /5
FreeQ[{a,b,e,f,A,C},x] && NeQ[a*2-b"2,0] && LtQ[m,-1]

2: Sec[e+-Fx]2 (a+bSec[e+fx])"' (A+BSec[e+-Fx] +CSec[e+fx]2) dx when a2-b2#0 Am¢ -1

Derivation: Algebraic expansion, nondegenerate secant recurrence 1b with
c->0,d->1, Abac,Bsbc+ad, C>bd, m>m+1, n- 0, p- 0andalgebraic simplification

C (atb z)? Ab2-a2C+b (bB-2aC) z
b2 * b2

Basis:A+ Bz + Cz2 =

Rule:If a2 -b%?+0 A m<¢ -1, then

J‘sec[e+fx]2 (a+bSec[e+fx])" (A+BSec[e+Fx] +CSec[e+Ffx]?) dx —

C
ey Sec[e+-Fx]2 (a+bSec[e+-Fx])““2dlx+tj'—zJ‘Sec[ewa]2 (a+bsec[e+fx])" (Ab>-a’C+b (bB-2aC) Sec[e+fx])dx —

CSec[e+-Fx] Tan[e+-Fx] (a+bSec[e+-Fx])'"+1

+

bf (m+3)

N : J.Sec[e+fx] (a+bsec[e+fx])" (aC+b (C (m+2)+A(m+3))Sec[e+-Fx]—(2aC—bB(m+3))Sec[e+-Fx]2)dlx
(m+3)

Program code:

Int[csce_.+f_.#x_]"2% (a_+b_.xcsc[e_.+f_.xx_] ) m_« (A_.+B_.xcsc[e_.+f_.#x_]+C_.xcsc[e_.+f_.*x_]~2),x_Symbol] :=
-CxCsc [e+f*x] *Cot [e+-F*x] * (a+b*Csc [e+f*x] )" (m+1)/(b*f* (m+3) ) +
1/ (bx (m+3)) »Int[Csc[e+fxx]* (a+bxCsc[e+fxx]) "mx
Simp [a*C+b* (Cx (m+2) +Ax (m+3) ) xCsc [e+'F*x] - (2%a*C-bxBx (m+3) ) xCsc [e+'F*x] "2,x] ,x] /3
FreeQ[{a,b,e,f,A,B,C,m},x] & NeQ[a~2-b"2,0] & Not[LtQ[m,-1]]



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

Int[csc[e_.+f_.*x_]"2+ (a_+b_.xcsc[e_.+f_.xx_] ) m_« (A_.+C_.xcsc[e_.+f_.»x_]*2),x_Symbol] :=

-CxCsc [e+f*x] xCot [e+'F*X] * (a+b*Csc [e+'F*x] )" (m+1)/(b*‘F* (m+3) ) +

1/ (bx (m+3) ) »Int[Csc[e+fxx]* (a+bxCsc[e+fxx]) "m+Simp [axC+bx (Cx (M+2) +A% (M+3) ) xCsc[e+fxx]-2xaxCxCsc[e+fxx]"2,x],x] /;
FreeQ[{a,b,e,f,A,C,m},x] & NeQ[a"2-b"2,0] && Not[LtQ[m,-1]]

2. f(a+bSec[e+fx])"' (dSec[e+fx])" (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2-b2#0 Am>0

1: J(a+b5ec[e+fx])"' (dSec[e+-Fx])" (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx when a2-b2#0 Am>0 A ns<-1

Derivation: Nondegenerate secant recurrence la withp - ©

Rule:If a2 -b%?+0 A m>0 A n =< -1,then

j(a+bSec[e+fX])m (dsec[e+fx])" (A+BSec[e+fx| +CSec[e+fx]2) dx —

ATan[e + fx] (a+bSec[e+-Fx])'" (dSec[e+-Fx])"
fn

di (a+bSec[e+-Fx])""1 (dSec[e+-Fx])Irl+1 (Abm-aBn- (bBn+a (Cn+A(n+1))) Sec[e+fx| —b(Cn+A(m+n+1))Sec[e+-Fx]z) dx
n

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_«(d_.xcsc[e_.+f_.xx_]) n_« (A_.+B_.xcsc[e_.+f_.»x_]+C_.xcsc[e_.+f_.xx_]*2),x_Symbol] :=
AxCot[e+fxx]» (a+bxCsc[e+Ffxx] ) ms (d+Csc[e+fxx]) n/(fxn) -
1/ (d*n) xInt [ (a+b*Csc [e+'F*x] )" (m-1) = (d*Csc [e+f*x] ) A(n+l) *
Simp [Axbxm-axB#n- (bxBxn+ax (Cxn+Ax (n+1) ) ) »Csc[e+Ffxx]-bx (Cxn+Ax (m+n+1)) xCsc[e+Fxx]~2,x],x] /;
FreeQ[{a,b,d,e,f,A,B,C},x] & NeQ[a"2-b"2,0] & GtQ[m,0] && LeQ[n,-1]

Int[(a_+b_.xcsc[e_.+f_.xx_])~m_x(d_.*csc[e_.+f_.xx_])"n_(A_.+C_.xcsc[e_.+f_.+x_]~2),x_Symbol] :=
AxCot [e+fxx] » (a+bxCsc[e+fxx])mx (d«Csc[e+fxx])~n/(fxn) -
1/ (dxn) *Int [ (a+b*Csc [e+'F*x] )" (m-1) % (d*Csc [e+'F*X] ) A(n+l) *
Simp [Axbxm-ax (Cxn+Ax (n+1) ) #Csc[e+fxx] -bx (Cxn+Ax (msn+1) ) xCsc[e+fxx]*2,x],x] /3
FreeQ[{a,b,d,e,f,A,C},x] & NeQ[a"2-b"2,0] && GtQ[m,0] && LeQ[n,-1]

13



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

2: J\(a+b5ec[e+-Fx])rn (dSec[e+-Fx])" (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2-b2#@ Am>0 A ng-1

Derivation: Nondegenerate secant recurrence 1b withp — @

Rule:lIf a2-b>+0 A m>0 A n % -1,then

j(a+b$ec[e+fx])m (dsec[e+fx])" (A+BSec[e+fx]+CSec[e+fx]?) dx —

CTan[e+fx] (a+bSec[e+fx])" (dSec[e+fx])"

+

f(Mm+n+1)

! J(a+bSec[e+-Fx])'"’1 (dsecf[e+fx])"-

m+n+1
(aA(m+n+1) +aCn+ ((Ab+aB) (m+n+1) +bC (m+n)) Sec[e+fx]| + (bB(m+n+1) +aCm) Sec[e+fx]2) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_])"n_(A_.+B_.xcsc[e_.+Ff_.#x_]+C_.xcsc[e_.+f_.#x_]~2),x_Symbol] :=
—C*Cot[e+f*x]*(a+b*Csc[e+f*x])Am*(d*Csc[e+f*x])An/(f*(m+n+1)) +
1/ (m+n+1) +Int[ (a+bxCsc[e+fxx]) " (m-1) » (dxCsc[e+Ffxx] ) n«
Simp [a*A* (m+n+1) +a*Cxn+ ( (Axb+a%B) x (m+n+1) +bxCx (m+n) ) xCsc [e+'F*x] + (b*B* (m+n+1) +axCxm) xCsc [e+'F*x] "2,x] ,x] 78
FreeQ[{a,b,d,e,f,A,B,C,n},x]| && NeQ[a"2-b"2,0] && GtQ[m,0] && Not[LeQ[n,-1]]

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.*csc[e_.+f_.xx_])~n_(A_.+C_.xcsc[e_.+Ff_.+x_]~2),x_Symbol] :=
-CxCot [e+'F*X] * (a+b*CSC [e+'F*X] ) m* (d*CSC [e+'F*X] )"n/(-F* (m+n+1) ) +
1/ (m+n+1) *Int [ (a+b*Csc [e+f*x] ) A(m-1) » (d*Csc [e+'F*x] ) Anx
Simp [axAx (M+n+1) +a*Cxn+bx (Ax (M+n+1) +Cx (M+n) ) xCsc[e+Fxx] +axCxmxCsc[e+Fxx]~2,x],x] /;
FreeQ[{a,b,d,e,f,A,C,n},x] & NeQ[a~2-b"2,0] & GtQ[m,0] && Not[LeQ[n,-1]]



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

3. J‘(a+bSec[e+1:x])"I (dSec[e+fx])" (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2-b%2#0 A m< -1

1: J(a+b$ec[e+fx])m (dSec[e+-Fx])" (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx when a2-b2#0 Am<-1 A n>0

Derivation: Nondegenerate secant recurrence la withp - 0

Rule:If a2 -b%?+0 A m< -1 A n > 0,then

j(a+bSec[e+fX])m (dsec[e+fx])" (A+BSec[e+fx] +CSec[e+fx]?)dx —
(

d(Ab2-abB+a?C) Tan[e+fx] (a+bSec[e+fx])™" (dsec[e+fx])""

+

bf (a®-b%) (m+1)

d
b (a?-b?) (m+1)
(AH(n-l)-a(bB-aC)(n-1)+b(aA-bB+aC)(m+1)5a1e+fx]-(b(Ab-aB)(m+n+1)+c(a2n+w(m+1”)5ech+fxr)dx

J(a+b$ec[e+fx])m+1 (dSec[e+fx])"'1-

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.+csc[e_.+f_.xx_])"n_«(A_.+B_.xcsc[e_.+f_.#x_]+C_.xcsc[e_.+Ff_.+x_]~2),x_Symbol] :=
-d* (Axb*2-axbxB+a”2xC) xCot [e+f*x] * (a+b*Csc [e+f*x] )" (m+1) * (d*CSC [e+'F*X] ) 2 (n—1)/(b*f* (a*2-b”"2) x (m+1) ) +
d/ (b* (a”2-b"2) » (m+1) ) *Int [ (a+bxCsc[e+Ffxx] )~ (m+1) « (dxCsc[e+fxx] )" (n-1) *
Simp[A*bAZ*(n—l)—a*(b*B—a*C)*(n—1)+
bx (axA-bxB+axC) » (m+1) xCsc [e+'F*X] -
(b* (Axb-a*B) * (m+n+1) +Cx (a”2xn+b”2x (m+1) ) ) *Csc [e+'F*x] "Z,x] ,x] /3
FreeQ[{a,b,d,e,f,A,B,C},x] & NeQ[a~2-b"2,0] & LtQ[m,-1] && GtQ[n,O]

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.xcsc[e_.+f_.xx_])"n_(A_.+C_.xcsc[e_.+Ff_.#x_]~2),x_Symbol] :=
-d* (Axb”2+a”2xC) xCot [e+-F*x] * (a+b*CSC [e+-F*x] ) A(m+l) * (d*CSC [e+-F*x] ) n (n—1)/(b*-F* (a”"2-b”2) % (m+1) ) +
d/ (b* (a”2-b"2) x (m+1) ) *Int [ (a+b*Csc [e+'F*x] ) A(m+l) * (d*Csc [e+'F*x] ) A(n-1) %
Simp [A*b"Z* (n-1) +a”2%C* (n-1) +axb* (A+C) » (m+1) xCsc [e+f*x] - (Axb"2% (m+n+1) +Cx (a”2xn+b”2% (m+1) ) ) *Csc [e+'F*x] "2,x] ,x] /3
FreeQ[{a,b,d,e,f,A,C},x] & NeQ[a"2-b"2,0] && LtQ[m,-1] & GtQ[n,0]
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Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

2: J~(a+b5ec[e+-Fx])rn (dSec[e+-Fx])" (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2-b2#0@ Am<-1Any0

Derivation: Nondegenerate secant recurrence 1c withp — @

Rule:lIf a2-b>+0 A m< -1 A n 3 0,then

J(a+b$ec[e+fx])m (dsec[e+fx])" (A+BSec[e+fx]+CSec[e+fx]?) dx —

(Abz—abB+aZC) Tan[e+-Fx] (a+bSec[e+1’x])"I+1 (dSec[e+-Fx])"
- +

af (m+1) (a%-b?)

1

a(m+1) (az-bz) J(a+bSec[e+fX])m+1 (dseC[e+fx])".

(a(aA-bB+aC) (m+1) - (Ab*>-abB+a’C) (m+n+1) -a (Ab-aB+bC) (m+1) Sec[e+fx]+ (Ab*-abB+a’C) (m+n+2) Sec[e+fx]2) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.xcsc[e_.+f_.xx_])"n_(A_.+B_.xcsc[e_.+Ff_.#x_]+C_.xcsc[e_.+f_.+x_]~2),x_Symbol] :=
(A*bAz-a*b*B+aA2*C)*Cot[e+f*x]*(a+b*Csc[e+f*x])A(m+1)*(d*Csc[e+f*x])An/(a*f*(m+1)*(aA2—bA2)) +
1/ (ax (m+1) x (a"2-b"2) ) »Int [ (a+bxCsc[e+Fxx]) (m+1) « (dxCsc[e+Fxx]) n«
Simp [a* (axA-bxB+axC) * (m+1) - (Axb”"2-axbxB+a”2%C) * (m+n+1) -
a*(A*b—a*B+b*C)*(m+1)*Csc[e+f*x]+
(Axb”2-axbxB+a”2xC) x (m+n+2) xCsc [e+-F*x] "2,X] ,X] /5
FreeQ[{a,b,d,e,f,A,B,C,n},x]| & NeQ[a~2-b"2,0] && LtQ[m,-1] && Not[ILtQ[m+1/2,0] && ILtQ[n,0]]

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.*csc[e_.+f_.xx_])"n_(A_.+C_.xcsc[e_.+Ff_.#x_]~2),x_Symbol] :=
(Axb"2+a"24C) xCot [e+Fxx] » (a+bxCsc[e+Fxx] )~ (m+1) » (dxCsc[e+Fxx] ) n/ (axfx (m+1) « (a%2-b"2)) +
1/ (ax (m+1) » (a*2-b"2) ) #Int [ (a+bxCsc[e+fxx] )~ (m+1) x (dxCsc[e+fxx] ) n«
Simp [a"Z* (A+C) * (m+1) - (Ax*b*2+a”2xC) » (Mm+n+1) -axbx (A+C) * (m+1) *Csc [e+'F*X] + (Axb”2+a”2%C) * (m+n+2) *Csc [e+'F*X] "2,X] ,X] /3
FreeQ[{a,b,d,e,f,A,C,n},x]| & NeQ[a*2-b"2,0] && LtQ[m,-1] && Not[ILtQ[m+1/2,0] & ILtQ[n,O]]
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Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

4: J‘(a+bSec[e+1:x])"I (dSec[e+fx])" (A+BSec[e+fx] +CSec[e+-Fx]2) dx when a2-b2#0 A n>0

Derivation: Nondegenerate secant recurrence 1b withp — @

Rule: If a2 - b%? + @ A n > 0, then

j(a+b$ec[e+fx])m (dsec[e+fx])" (A+BSec[e+fx]+CSec[e+fx]?) dx —

CdTan[e+fx] (a+bsSec[e+fx])™" (dSec[e+Ffx])"™
bf (m+n+1) "
d

;—————I—Jka+b5ech+fx]w(dSaﬂe+fx”"4(aC(n—1)+(Ab(m+n+1)+bC(m+M)Sech+fX]+(bB(m+n+1)—aCn)Smﬂe+fxr)dx
(m+n+1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.xcsc[e_.+f_.xx_])"n_(A_.+B_.xcsc[e_.+Ff_.#x_]+C_.xcsc[e_.+Ff_.#x_]~2),x_Symbol] :=
—C*d*Cot[e+f*x]*(a+b*Csc[e+f*x])A(m+1)*(d*Csc[e+f*x])“(n—l)/(b*f*(m+n+1)) +
d/ (b* (men+1) ) xInt [ (a+bxCsc[e+fxx]) "m+ (d+Csc[e+fxx])~(n-1) »
Simp [a*C* (n-1) + (Axb* (m+n+1) +b*C% (m+n) ) xCsc [e+f*x] + (b*B* (m+n+1) —axCxn) xCsc [e+f*x] "2,x] ,x] /3
FreeQ[{a,b,d,e,f,A,B,C,m},x| && NeQ[a"2-b"2,0] & GtQ[n,0] (» && Not[IGtQ[m,0] && Not[IntegerQ[n]]] =)

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.*csc[e_.+f_.xx_])"n_(A_.+C_.xcsc[e_.+Ff_.#x_]~2),x_Symbol] :=
—C*d*Cot[e+f*x]*(a+b*Csc[e+f*x])A(m+1)*(d*Csc[e+f*x])A(n-l)/(b*f*(m+n+1)) +
d/ (bx (m+n+1) ) xInt[ (a+bxCsc[e+fxx] ) m+ (dxCsc[e+Ffxx])~(n-1) *
Simp [a*C* (n-1) + (Axbx (m+n+1) +b*Cx (m+n) ) *Csc [e+f*x] -axCxnxCsc [e+‘F*x] "2,x] ,x] /8
FreeQ[{a,b,d,e,f,A,C,m},x| & NeQ[a*2-b"2,0] && GtQ[n,0] (* & Not[IGtQ[m,0] && Not[IntegerQ[n]]] =)

5: f(a+b$ec[e+fx])'" (dSec[e+-Fx])" (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx when a2-b%?#@ A ns<-1

Derivation: Nondegenerate secant recurrence 1c withp — @

Rule:If c2-d?+0 A n < -1,then

17



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

f(a+bSec[e+fx])"' (dsec[e+fx])" (A+BSec[e+fx] +CSec[e+fx]?)dx —

ATan[e + f x| (a+bSec[e+'Fx])m+1 (dsec[e+fx])"
- +

afn
1

adn

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])~m_x(d_.+csc[e_.+f_.xx_])"n_«(A_.+B_.xcsc[e_.+f_.#x_]+C_.xcsc[e_.+Ff_.+x_]~2),x_Symbol] :=
AxCot [e+‘F*x] * (a+b*Csc [e+'F*x] ) A(m+1) * (d*Csc [e+'F*x] )"n/(a*f*n) +
1/ (a*dxn) *Int [ (a+b*Csc [e+'F*x] ) m* (d*CSC [e+'F*x] )" (n+1)
Simp[a*B*n-A*b*(m+n+1)+a*(A+A*n+C*n)*Csc[e+f*x]+A*b*(m+n+2)*Csc[e+f*x]A2,x],x] /5
FreeQ[{a,b,d,e,f,A,B,C,m},x] && NeQ[a"2-b"2,0] && LeQ[n,-1]

Int[(a_+b_.xcsce_.+f_.xx_]) m_#(d_.xcsc[e_.+f_.»x_]) n_# (A_.+C_.xcsc[e_.+f_.»x_]~2),x_Symbol] :=
AxCot [e+'F*x] * (a+b*Csc [e+'F*x] ) A(m+l) = (d*Csc [e+'F*x] )"n/(a*f*n) +
1/ (axd+n) «Int[ (a+bxCsc[e+fxx] ) m+ (d+Csc[e+fxx] )" (n+1) »
Simp [—A*b* (m+n+1) +a* (A+Axn+Cxn) xCsc [e+'F*x] +Axbx (m+n+2) xCsc [e+'F*X] "2,X] ,X] /5
FreeQ[{a,b,d,e,f,A,C,m},x] & NeQ[a*2-b"2,0] && LeQ[n,-1]

J(a+b5ec[e+fx])m (dSec[e+1°x])"+1 (aBn-Ab(m+n+1) +a (A+An+Cn) Sec[e+fx| +Ab (m+n+2) Sec[e+-Fx]2) dx

18



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

A+BSec[e+fx| +CSec[e+1‘:x]2

6:
ydsec[e+fx] (a+bSec[e+fx])

dx when a2-b%2#0

Derivation: Algebraic expansion

Basis: —A#Bz+C 22 (Ab>-abB+a’C) (dz)3? , @A-(Ab-aB)z
Jdz (a+bz) a’d? (a+b z) a2+/dz
Rule: If a2 - b% + 0, then
A+BSec[e+1“x]+CSec[e+1°x]2 Ab2-abB+a2C (dSec[e+1“x])3/2 1 aA- (Ab-aB) Sec[e+ fx]|
dx — j dx + — dx

\/dSec[e+-Fx] (a+bSec[e+fx]) a*d? a+bSec[e+fx] a? \[dSec[e+-Fx]

Program code:

Int[(A_.+B_.xcsc[e_.+f_.#x_]+C_.xcsc[e_.+f_.»x_]2)/(Sqrt[d_.xcsc[e_.+f_.»x_]]*(a_+b_.xcsc[e_.+f_.xx_])),x_Symbol] :=
(Axb”2-axbxB+a”2xC) / (a*2xd"2) »Int [ (d*Csc [e+f*x] )" (3/2)/(a+b*Csc [e+f*x] ) ,x] +
1/a*2+Int[ (axA- (Axb-axB) «Csc[e+fxx]) /Sqrt[d«Csc[e+fxx]],x] /;

FreeQ[{a,b,d,e,f,A,B,C},x] & NeQ[a*2-b"2,0]

Int[(A_.+C_.xcsc[e_.+Ff_.xx_]"2)/(Sqrt[d_.xcsc[e_.+f_.+x_]]*(a_+b_.xcsc[e_.+f_.»x_])),x_Symbol] :=
(Axb”2+a”2xC) / (a”2%d”2) xInt [ (d*Csc [e+'F*X] )" (3/2)/(a+b*Csc [e+'F*X] ) ,X] +
1/a"2*Int[ (a*A—A*b*Csc [e+f*x] )/Sqr't [d*Csc [e+'F*x] ] ,x] /3

FreeQ[{a,b,d,e,f,A,C},x] & NeQ[a"2-b"2,0]
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Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

A+BSec[e+-Fx]+CSec[e+1‘:x]2 . : pise
dx when a“ - #

\/dSec[e+-Fx] \/a+bSec[e+fx]

Derivation: Algebraic expansion

Basis: AtBz:Cz? __ C(dz)*2  ABz

\dz d? \dz
Rule: If a? - b? # 0, then

A+BSec[e+-Fx]+CSec[e+1:x]2 C (dSec[e+-Fx])3/2 A+BSec[e+-Fx]
dx — — dx + dx

\/dSec[e+fx] \/a+bSec[e+fx] d? \/a+bSec[e+fx] \/dSec[e+fx] \/a+bSec[e+fx]

Program code:

Int [ (A_. +B_.xcsc [e_.+-F_. *x_] +C_.*CScC [e_. +'F_.*x_] "2)/(Sqr't [d_.*csc [e_. +'F_.*x_] ] *Sqrt [a_+b_. *CSC [e_. +'F_.*x_] ] ) ,x_Symbol] =
C/d~2x+Int [ (d«Csc[e+fxx])~(3/2) /Sqrt[a+bsCsc[e+fxx]],x] +
Int[ (A+BxCsc[e+fxx])/(Sart[d+Csc[e+fxx]]+Sqrt[a+bsCsc[e+fsx]]),x] /;

FreeQ[{a,b,d,e,f,A,B,C},x| & NeQ[a*2-b"2,0]

Int[(A_.+C_.xcsc[e_.+f_.xx_]"2)/(Sqrt[d_.xcsc[e_.+f_.+x_]]*Sqrt[a_+b_.+csc[e_.+f_.xx_]]),x_Symbol] :=
C/d~2x+Int [ (d«Csc[e+fxx])~(3/2) /Sqrt[a+bsCsc[e+fxx]],x] +
AxInt[1/(Sqrt[d+Csc[e+fxx]]*Sqrt[a+bsCsc[e+fsx]]),x] /;

FreeQ[{a,b,d,e,f,A,C},x] & NeQ[a"2-b"2,0]
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Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2) 21

X: J(a+bSec[e+fx])'" (dsec[e+fx])" (A+BsSec[e+fx] +CSec[e+-Fx]2) dx

Rule:

j(a+bSec[e+fx])'" (dsec[e+fx])" (A+BSec[e+fx] +CSec[e+fx]?)dx —

j(a+b$ec[e+fx])m (dsec[e+fx])" (A+BSec[e+fx]+CSec[e+fx]?) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_.#(d_.xcsc[e_.+F_.#x_]) n_.»(A_.+B_.xcsc[e_.+f_.#x_]+C_.*csc[e_.+f_.*x_]~2),x_Symbol] :=
Unintegrable[ (a+bxCsc[e+fxx] ) mx (dxCsc[e+fxx] ) n« (A+BxCsc[e+fxx]|+CxCsc[e+fxx]"2),x] /;
FreeQ[{a,b,d,e,f,A,B,C,m,n},x]

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_.#(d_.xcsc[e_.+f_.#x_])*n_.»(A_.+C_.+csc[e_.+f_.xx_]"2),x_Symbol] :=
Unintegrable[ (a+bxCsc[e+fxx] ) mx (dxCsc[e+fxx] ) nx (A+CxCsc[e+Fxx]~2),x] /;
FreeQ [ {a, b,d,e,f,A,c,m,n},x]

Rules for integrands of the form (a + bSec[e + fx])" (c (dSec[e + fx])P)" (A+BSec[e + fx] + CSec[e + f x]?)

1: -J-(a+bSec[e+-Fx])'" (dCos[e+-Fx])" (A+BSec[e+-Fx] +CSec[e+-Fx]2) dx whenn¢zZ A mez

Derivation: Algebraic normalization

d™2 (b+aCos[z])" (C+BCos[z]+ACos[z]?)
(dCos[z])™?2

Basis: If m € Z,then (a+bSec[z])" (A+BSec[z] +CSec[z]?) =

Rule:lf n¢ Z A me Z,then

j(a+b$ec[e+fx])m (dCos[e+fx])" (A+BSec[e+fx] +CSec[e+-Fx]2) dx —



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

-

d'“*zj(b+aCos[e+fx])"' (dCos[e+1‘:x])""“'2 (C+BCos[e+fx] +ACos[e+fx]2) dx

Program code:

Int[(a_+b_.xsec[e_.+f_.#x_]) m_.%(d_.+cos[e_.+f_.xx_])"n_»(A_.+B_.xsec[e_.+f_.»x_]+C_.xsec[e_.+f_.*x_]"2),x_Symbol] :

d~ (m+2) »Int[ (b+axCos[e+fxx])mx (dxCos[e+Ffxx])~ (n-m-2) » (C+BxCos [e+Ffxx] +AxCos [e+fxx]|~2),x] /;
FreeQ[{a,b,d,e,f,A,B,C,n},x]| && Not[IntegerQ[n]] & IntegerQ[m]

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_.«(d_.+sin[e_.+f_.xx_])"n_« (A_.+B_.xcsc[e_.+f_.»x_]+C_.xcsc[e_.+f_.xx_]~2),x_Symbol] :

d” (m+2) »Int [ (b+a*S:i.n [e+f*x] )"m* (d*Sin [e+‘F*x] ) A(N-m-2) % (C+B*Sin [e+‘F*x] +AxSin [e+'F*x] "2) ,X] /3
FreeQ[{a,b,d,e,f,A,B,C,n},x| && Not[IntegerQ[n]] && IntegerQ[m]

Int[(a_+b_.»sec[e_.+f_.*x_]) m_.+(d_.+cos[e_.+f_.xx_])"n_»(A_.+C_.xsec[e_.+f_.»x_]"2),x_Symbol] :
d~ (m+2) »Int[ (b+axCos[e+fxx])mx (dxCos[e+Ffxx])~ (n-m-2) » (C+AxCos [e+Ffxx]~2),x] /;
FreeQ[{a,b,d,e,f,A,C,n},x] && Not[IntegerQ[n]] && IntegerQ[m]

Int[(a_+b_.xcscle_.+f_.xx_]) m_.x(d_.xsin[e_.+f_.#x_])"n_#(A_.+C_.xcsc[e_.+f_.*x_]"2),x_Symbol] :
d~ (m+2) »Int[ (b+axSin[e+fxx]) mx (d«Sin[e+Ffxx])~ (n-m-2) » (C+AxSin[e+Ffxx]~2),x] /;
FreeQ[{a,b,d,e,f,A,C,n},x] & Not[IntegerQ[n]] && IntegerQ[m]
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Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

2: f(a+b5ec[e+fx])"' (c (dSec[e+fx])p)" (A+BSec[e+fx] +CSec[e+-Fx]2) dx when n¢z

Derivation: Piecewise constant extraction

H (c (dSecle+fx])P)"
Basis: Oy (dSec erfx])"? =0

Rule: If n ¢ Z, then
J\(a+b5ec[e+fx])m (c (dsec[e+fx])P)" (A+Bsec[e+fx] +CSec[e+Ffx]?)dx —

cintpartinl (¢ (dsec[e + x])P) FracPart[n]

(dsec[e+fx])® FracPart[n]

(a+bsec[e+fx])" (dsec[e+Fx])"? (A+BSec[e+fx] +CSec[e+fx]2) dx

Program code:

Int[(a_+b_.xsec[e_.+f_.xx_]) m_.#(c_.x(d_.xsec[e_.+F_.«x_]) p_)"n_x(A_.+B_.xsec[e_.+Ff_.+x_]+C_.+sec[e_.+f_.+x_]~2),x_Symbol] :
crIntPart[n] « (cx (d«Sec[e+f«x])~p)~FracPart [n]/(d*Sec [e+fxx])~ (pxFracPart[n])
Int [ (a+b*Sec [e+f*x] ) Amx (d*Sec [e+'F*x] )" (nxp) * (A+B*Sec [e+f*x] +CxSec [e+f*x] "2) ,x] /8
FreeQ[{a,b,c,d,e,f,A,B,C,m,n,p},x] & Not[IntegerQ[n]]

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_.#(c_.*(d_.xcsc[e_.+F_.+x_])~p_)"n_(A_.+B_.xcsc[e_.+Ff_.#x_]+C_.xcsc[e_.+f_.+x_]~2),x_Symbol] :
crIntPart[n]« (cx (dxCsc[e+fxx])~p) *FracPart [n]/(dxCsc [e+fxx] )~ (pxFracPart[n])
Int [ (a+b*Csc [e+f*x] ) Amx (d*Csc [e+'F*x] )" (nxp) * (A+B*Csc [e+'F*X] +CxCsc [e+f*x] "2) ,x] /8
FreeQ[{a,b,c,d,e,f,A,B,C,m,n,p},x] & Not[IntegerQ[n]]

Int[(a_+b_.xsec[e_.+f_.xx_]) m_.(c_.#(d_.+sec[e_.+Ff_.xx_]) p_)~n_«(A_.+C_.+sec[e_.+Ff_.xx_]*2),x_Symbol] :=
crIntPart[n] « (cx (d«Sec[e+f+x])~p)~FracPart [n]/(d*Sec [e+fxx])~ (pxFracPart[n])
Int[ (a+bxSec[e+Ffxx]) mx (dxSec[e+Ffxx])~ (n«p) « (A+CxSec[e+fxx]|2),x]| /;
FreeQ[{a,b,c,d,e,f,A,C,m,n,p},x] && Not[IntegerQ[n]]



Rules for integrands of the form (a+b sec(e+f x))~m (d sec(e+f x))"~n (A+B sec(e+f x)+C sec(e+f x)"2)

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_.x(c_.#(d_.xcsc[e_.+f_.#x_])"p_)~n_x(A_.+C_.xcsc[e_.+f_.xx_]"2),x_Symbol] :=
crIntPart[n] « (cx (d«Csc[e+fxx])~p) *FracPart[n]/(d«Csc[e+fxx] )~ (pxFracPart[n])«
Int[ (a+bxCsc[e+Ffxx]) mx (dxCsc[e+Ffxx])~ (n«p) « (A+CxCsc[e+fxx]|2),x]| /;
FreeQ[{a,b,c,d,e,f,A,C,m,n,p},x] && Not[IntegerQ[n]]
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